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Abstract
The inverse scattering problem for viscoelastic medium with wave impedance mismatch at the rear boundary is studied
in this paper. The propagation operators of the viscoelastic medium are de1ned 1rst and the integro-di2erential equations
of these operators are derived via the invariant imbedding technique. For the inverse scattering problem, a new inversion
procedure to reconstruct the relaxation modulus of the viscoelastic medium is developed, which utilizes a complete set
of data, namely the one-side re6ection data for one round trip through the viscoelastic slab. These data are complete in
the sense that they can be extended to arbitrary time t in the inversion procedure. This inverse method is implemented
numerically on several problems at the end of the paper. The more general case of a medium consisting of a stack of
homogeneous viscoelastic medium layers is also considered. c© 2001 Elsevier Science B.V. All rights reserved.
Keywords: Viscoelastic medium; Reconstruction of the relaxation modulus; Scattering and propagation operators; Wave
impedance mismatch; Volterra integral equation
1. Introduction
The time-domain direct and inverse scattering problems for the dispersive medium have been well
documented. Beezley [2] 1rst studied the electromagnetic inverse scattering problems for dispersive
media, in which the re6ection operator is de1ned and the inversion procedure is developed to re-
construct the susceptibility kernel with the given re6ection data. The well-posedness of the inverse
electromagnetic scattering for dispersive medium is considered in the paper of Bui [3]. Ammicht [1]
applied the invariant imbedding technique on the direct and inverse scattering for the viscoelastic
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Fig. 1. e denotes elastic medium; v denotes viscoelastic medium.
medium which is characterized by such a memory function. Similar problems are also studied by
Karlsson [6] and Corones [5] via the Green function method, in which both the creep compliance
and the density of inhomogeneous viscoelastic medium are reconstructed.
In the present paper, a new inversion procedure to reconstruct the relaxation modulus of the
viscoelastic medium is developed and the amount of data required can be reduced by the use of the
method presented here.
A model problem for the techniques presented here involves one-dimensional viscoelastic waves
propagating in the viscoelastic slab with 1nite thickness and the wave impedance mismatch at
the rear boundary. The propagation operators for the viscoelastic medium are de1ned and the
integro-di2erential equations of these operators are derived via the invariant imbedding method.
These equations and the imbedding equation of the re6ection operator are all useful in the inversion
procedure to reconstruct the unknown relaxation modulus. The measurement data needed for this
inversion method are the one-side re6ection data for only one round trip through the viscoelastic
slab. These data are complete in the sense that they can be extended to arbitrary time in the inversion
procedure.
With the inversion procedure presented in this paper, the more general case of a medium consisting
of a stack of homogeneous viscoelastic medium layers is also studied. Though the same problem
has been studied in [2], the assumption that each layer is a Debye medium [2, p. 320] is removed
in this paper. Therefore, the result presented here are generalizations of those derived in [2].
At the end of this paper, the numerical performances of the inversion algorithm for the clean and
noisy data are illustrated.
2. Physical problem and summary of previous results
Consider a viscoelastic slab with a 1nite depth L (see Fig. 1) and assume that the relaxation modu-
lus and the density of the viscoelastic medium are G1(t) and 1, respectively, where G1(t) is assumed
to be a continuously di2erentiable function in t for t ¿ 0. The media on the two sides of the slab are
assumed to be elastic with elastic moduli G0 and G2, and densities 0 and 2, respectively. Let Z0; Z1
and Z2 denote the wave impedances for the medium in these three regions, respectively, namely
Z0 =
√
0G0; Z1 =
√
1G1(0); Z2 =
√
2G2: (1)
It is assumed that Z0 = Z1 and Z1 = Z2.
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The constitutive equation of viscoelastic medium in the region 0¡x¡L is given as [4]
(x; t) = (G1(0) + G1t(t)∗)@u(x; t)@x ; (2)
where (x; t); u(x; t) are the stress and displacement components, respectively. G1t(t) = dG1(t)=dt,
and the asterisk denotes the temporal convolution. Thus, for any two functions f(t) and g(t),
f(t) ∗ g(t) =
∫ t
−∞
f(t − s)g(s) ds: (3)
If the material is assumed to be quiescent up to time t = 0, i.e.,
(x; t) = 0; u(x; t) =
@u
@t
(x; t) = 0; −∞¡t¡ 0 (4)
the lower limit of the integration in Eq. (3) may be replaced by 0.
Let a plane wave propagating in the region x¡ 0 impinge on the interface x=0− at the time t=0.
As in [1–3,5,6], the re6ection and transmission operators R˜
+
1 (x; t) and T˜
+
1 (x; t) can be introduced
and they satisfy [1]
u−(x; t) = [R˜
+
1 (x; ·)u+(x; ·)](t) = r1(x)u+
(
x; t − 2(L− x)
c1
)
+ R+1 (x; t) ∗ u+(x; t); (5a)
u+
(
L+; t +
L+ − x
c1
)
= [T˜
+
1 (x; ·)u+(x; ·)](t) = 1(x)(1 + T+1 (x; t)∗)u+(x; t); (5b)
where u+(x; t); u−(x; t) and u+(L+; t + (L+ − x)=c1) can be approximately regarded as the incident,
re6ected and transmitted 1elds for the viscoelastic medium. Also, u+(x; t); u−(x; t) are de1ned by
[1,2]
u±(x; t) =
1
2
[
u(x; t)∓ 1
Z1
∫ t
0
(x; s) ds
]
: (6)
In Eq. (5), R+1 (x; t) and T
+
1 (x; t) are the re6ection and transmission kernels, respectively, and they
satisfy the following imbedding equations [1–3,6]:
2c1
@R+1
@x
− 4@R
+
1
@t
=
@
@t
[(1− R+1 ∗)(1− R+1 ∗)h] + H
(
t − 2(L− x)
c1
)
2r1(x)
@
@t
[h ∗ R+1 − h]; (7a)
R+1 (L; 0) = 0; R
+
1 (x; 0) =− 14h(0); (7b)
R+1 (x; t)
∣∣∣∣∣t=
2(L−x)+
c1
t=
2(L−x)−
c1
=
[
h(0)
4
(1− r21(L)) +
r1(L)
c1
(
h2(0)
4
+ ht(0)
)
(L− x)
]
exp
(
h(0)
c1
(L− x)
)
;
(7c)
R+1 (x; t)
∣∣∣∣∣t=
4(L−x)+
c1
t=
4(L−x)−
c1
=
1
4
h(0)r21(x) (7d)
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and
2c1
@T+1
@x
= (1 + T+1 ∗)(h(0)R+1 + ht ∗ R+1 − ht(t)) + H
(
t − 2(L− x)
c1
)
r1(x)
@
@t
(1 + T+1 ∗)h; (8a)
T+1 (L; t) = 0; T
+
1 (x; 0) =
1
2c1
(
1
4
h2(0) + ht(0)
)
(L− x)− 1
4
h(0)r1(L); (8b)
T+1 (x; t)
∣∣∣∣∣t=
2(L−x)+
c1
t=
2(L−x)−
c1
=
1
4
h(0)r1(x); (8c)
where 06x6L and t¿0, c1 =
√
G1(0)=1 is the propagation speed and r1(x); 1(x) are given as
r1(x) =
Z1 − Z2
Z1 + Z2
exp
[
h(0)
c1
(L− x)
]
; 1(x) =
2Z1
Z1 + Z2
exp
(
h(0)
2c1
(L− x)
)
; (9)
where h(t) in Eqs. (7)–(9) is the resolvent of G1t(t) and satis1es the following equation [7]:
(G1(0) + G1t(t)∗)h(t) = G1t(t): (10)
Eqs. (7) and (8) are the imbedding equations for the kernels R+1 (x; t) and T
+
1 (x; t), respectively.
3. Propagation operators for the viscoelastic medium
It is necessary to de1ne the propagation operators for the inverse scattering problem of the vis-
coelastic medium. These operators can be used to express the incident and re6ected 1elds in terms
of the transmitted 1elds. In fact, from Eq. (5b), we have
u+(x; t) = W˜
+
1 (x; t)u
+
(
L+; t +
L+ − x
c1
)
= −11 (x)(1 +W
+
1 (x; t)∗)u+
(
L+; t +
L+ − x
c1
)
; (11)
where W+1 (x; t) is the resolvent kernel of T
+
1 (x; t) satisfying the following equation:
T+1 (x; t) +W
+
1 (x; t) + T
+
1 (x; t) ∗W+1 (x; t) = 0 (12)
and W˜
+
1 (x; t) de1ned by (11) is the propagation operator.
Substituting (11) into (5a) yields the propagation operator V˜
+
1 (x; t) satisfying
u−(x; t) = V˜
+
1 (x; t)u
+
(
L+; t +
L+ − x
c1
)
= r1(x)−11 (x)(1 +W
+
1 (x; t)∗)u+
(
L+; t − L
+ − x
c1
)
+ −11 (x)V
+
1 (x; t) ∗ u+
(
L+; t +
L+ − x
c1
)
; (13)
where V+1 (x; t) is the corresponding kernel and satis1es
V+1 (x; t) = R
+
1 (x; t) + R
+
1 (x; t) ∗W+1 (x; t): (14)
It is clear that the relationships between the scattering and propagation kernels are determined by
Eqs. (12) and (14).
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By di2erentiating Eq. (12) with respect to x and substituting (8a) into the resulting equation, the
dynamics equation of the kernel W+1 (x; t) can be given as
2c1
@W+1 (x; t)
@x
= (1 +W+1 (x; t)∗)[ht(t)− h(0)R+1 (x; t)− ht(t) ∗ R+1 (x; t)]
+H
(
t − 2(L− x)
c1
)
· r1(x)(1 +W+1 (x; t)∗)[h(0)W+1 (x; t)− ht(t)]: (15)
The jump value of W+1 (x; t) along the characteristic line 1 : t = 2(L− x)=c1 can be obtained from
(8c) and (12)
W+1 (x; t)
∣∣∣∣∣t=
2(L−x)+
c1
t=
2(L−x)−
c1
=−1
4
h(0)r1(x) (16)
From (8) and (12), we also have
W+1 (L; t) = 0;
W+1 (x; 0) =−T+1 (x; 0) =
h(0)
4
r1(L)− 12c1
(
1
4
h2(0) + ht(0)
)
(L− x): (17)
Di2erentiating Eq. (14) with respect to x and t, respectively, and combining the resulting equations,
with Eqs. (7a) and (15), we have
2c1
@V+1 (x; t)
@x
− 4@V
+
1 (x; t)
@t
=ht(t) + (h(0) + ht(t)∗)(W+1 (x; t)− V+1 (x; t))− h(0)V+1 (x; t)
+H
(
t − 2(L− x)
c1
)
r1(x)[(1 +W+1 ∗)(h(0)V+1 − 2ht(t)) + (h(0) + ht∗)V+1 ]: (18)
It is clear that Eq. (18) gives the relation between W+1 (x; t) and V
+
1 (x; t).
The jump values in the kernel V+1 (x; t) can be determined from (7) and (14):
V+1 (x; t)
∣∣∣∣∣t=
2(L−x)+
c1
t=
2(L−x)−
c1
=
[
h(0)
4
(1−r21(L))+
r1(L)
c1
(
h2(0)
4
+ht(0)
)
(L−x)
]
exp
(
h(0)
c1
(L−x)
)
;
(19a)
V+1 (x; t)
∣∣∣∣∣t=
4(L−x)+
c1
t=
4(L−x)−
c1
=
1
4
h(0)r21(x): (19b)
From (7) and (12), we have
V+1 (L; t) = 0; V
+
1 (x; 0) = R
+
1 (x; 0) =− 14h(0): (20)
Now, the integro-di2erential equations for the propagation kernels W+1 (x; t) and V
+
1 (x; t) are de-
rived. With the help of these imbedding equations, the inversion procedure can be developed in the
following sections. For convenience of computation, combining Eqs. (15) and (18) yields
2c1
@V+1
@x
− 4@V
+
1
@t
=2c1
@W+1
@x
+ h(0)(W+1 − V+1 ) + H
(
t − 2(L− x)
c1
)
r1(x)[(2h(0) + ht∗)V+1
+ h(0)W+1 ∗ V+1 − (1 +W+1 ∗)(h(0)W+1 + ht)]: (21)
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4. The inversion procedure for the relaxation modulus
Assume that the density 1 of the viscoelastic slab and the wave impedances Z0 and Z2 of the
elastic media on both the sides of the slab are given constants. It is also assumed that the re6ection
kernel R+1 (0; t) has been determined from the scattering experiments for one round trip through the
viscoelastic slab, i.e., 06t6t1 = 2L=c1. The relaxation modulus G1(t) of the viscoelastic medium is
to be determined. The inversion procedure is given in the following steps.
Step 1: Determine h(t); 06t6t1. As in [1], the re6ection kernel R+1 (x; t) is independent of x for
the time t62(L− x)=c1, this means that
R+1 (x; t) = R
+
1 (0; t); 06x¡L; t6
2(L− x)
c1
; (22)
therefore, (@R+1 =@x)(x; t)=0 in Eq. (7a), when t62(L− x)=c1. Letting x=0 and integrating Eq. (7a)
with respect to t, this yields
4R+1 (0; t) + (1− R+1 (0; t)∗)(1− R+1 (0; t)∗)h(t) = 0; 06t6t1: (23)
Eq. (23) is a Volterra integral equation of the second kind for h(t) and is readily to be solved [7].
Step 2: Determine the kernels R+1 (x; t); W
+
1 (x; t) and V
+
1 (x; t) when 06x¡L and 06t6t1. Once
h(t); 06t6t1 is determined from Eqs. (7) and (8) as well as Eqs. (15)–(20), the scattering kernels
R+1 (x; t) and T
+
1 (x; t), and the propagation kernels W
+
1 (x; t) and V
+
1 (x; t) when 06x¡L and 06t6t1
are all determined with the solution procedure of the direct scattering problems. The knowledge of
these kernels will be used to recover the material modulus h(t) for t ¿ t1.
Step 3: Determine the re;ection kernel R+1 (x; t1 +Mt); 06x¡L, where Mt is the step size along
time t. Once h(t) and R+1 (x; t); 06x¡L; 06t6t1 are obtained, R
+
1 (x; t1 + Mt) can be determined
by approximating Eq. (7) with the rectangle rule.
Step 4: Determine ht(t1 + Mt). For convenience, Eqs. (14) and (21) are written as (EI)
EI :


V+1 (x; t) = (1 +W
+
1 (x; t)∗)R+1 (x; t);
2c1
@V+1
@x
− 4@V
+
1
@t
= 2c1
@W+1
@x
+ h(0)(W+1 − V+1 )
+H
(
t − 2− (L− x)
c1
)
r1(x)[(2h(0) + ht∗)V+1 + h(0)W+1 ∗ V+1
−(1 +W+1 ∗)(h(0)W+1 + ht)];
where 06x¡L; t ¿ t1.
Since R+1 (x; t); 06t6t1 + Mt, and W
+
1 (x; t) and V
+
1 (x; t); 06t6t1 have been determined, letting
t = t1 + Mt, (EI) can be used to approximate W+1 (x; t1 + Mt) and V
+
1 (x; t1 + Mt); 06x¡L. In the
appendix, it is shown that the numerical discretization of (EI) yields a system of the linear algebraic
equations which has a unique solution.
Substituting W+1 (x; t1 + Mt) and V
+
1 (x; t1 + Mt); 06x¡L, into Eq. (15) and letting t = t1 +
Mt; ht(t1 + Mt) can be determined.
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Step 5: Repeating the third and fourth steps, ht(t1 + jMt); j=1; 2; : : : ; n, can be obtained, where
n is the total step number along time t.
It is clear that in the procedure, the re6ection data R+1 (0; t) can be extended from t6t1 to arbitrary
time t= t1 + jMt; j=1; 2; : : : ; n. Therefore, the given re6ection data R+1 (0; t); 06t6t1 can be viewed
as the complete data.
Step 6: Determine h(t); t ¿ t1. The values of h(t) at the time t = t1 and the information of
ht(t); t ¿ t1 can be used to recover h(t); t¿t1.
Step 7, i.e. the last step: Determine the relaxation modulus G1(t); t ¿ 0. Integrating Eq. (10)
with respect to time t yields
G1(t)− G1(t) ∗ h(t) = G1(0): (24)
This is a Volterra integral equation of the second kind for G1(t), which may be solved provided
G1(0) is given.
5. Layered medium
In this part, the more general case of a medium consisting of a stack of homogeneous viscoelas-
tic medium layers is considered. Though the same problem has been studied by Beezley [2], the
assumption that each layer is a Debye medium is removed in this paper.
Assume that the layered viscoelastic medium consisting of N layers with the relaxation modulus
Gi(t) and density i; i=1; 2; : : : ; N; occupies the region 06x6xN and the boundaries of the individual
layers are at 0¡x1¡x2¡ · · ·¡xN . The constitutive equation of the medium in the ith slab is
(x; t) = (Gi(0) + Git(t)∗)@u@x (x; t): (25)
The media on either side of the region are assumed to be homogeneous elastic media with elastic
moduli G0 and GN+1, and densities 0 and N+1. For convenience, let Z0 = Z1 = · · · = Zn = ZN+1;
where Zj =
√
Gjj; j = 0; N + 1, and Zi =
√
Gi(0)i; i = 1; 2; : : : ; N .
Let R+i (xi; t) and T
+
i (xi; t) denote the re6ection and transmission kernels of the ith slab, respec-
tively, and R+(i)(xi; t) and T
+
(i)(xi; t) denote the re6ection and transmission kernels of all the viscoelastic
medium in the rear i layers. Then the re6ection kernel of the whole layered viscoelastic medium is
denoted by R+(N )(0; t).
The inverse problem considered in this section is to reconstruct the relaxation functions Gi(t); i=
1; 2; : : : ; N; from the knowledge of the re6ection kernel R+(N )(0; t) of the whole layered viscoelastic
medium.
First, via Redhe2er star product [8], we have
R˜
+
(N )(0; t) = R˜
+
1 (0; t) + T˜
−
1 (0; t)R˜
−
(N−1)(x1; t)(I − R˜
−
1 (0; t)R˜
+
(N−1)(x1; t))
−1T˜
+
1 (0; t): (26)
It may be written as
(I − R˜−1 (0; t)R˜
+
(N−1)(x1; t))(R˜
+
(N )(0; t)− R˜
+
1 (0; t)) = T˜
−
1 (0; t)R˜
+
(N−1)(x1; t)T˜
+
1 (0; t): (27)
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Expanding this equation with the corresponding kernels yields
R+(N )(0; t)− R+1 (0; t) ∗ R+(N−1)
(
x1; t − 2x1c1
)
R+(N )(0; t)
=R+1 (0; t)− R+1 (0; t) ∗ R+1 (0; t) ∗ R+(N−1)
(
x1; t − 2x1c1
)
+H
(
t − 2x1
c1
)
21[1 + 2T
+
1 (0; t) ∗+T+1 (0; t) ∗ T+1 (0; t) ∗ ]R+(N−1)(x1; t); (28)
where
i = exp
(
hi(0)
2ci
(xi − xi−1)
)
(29)
and hi(t) is the resolvent kernel of Git(t) satisfying
(Gi(0) + Git(t)∗)hi(t) = Git(t); i = 1; 2; : : : ; N: (30)
From Eq. (28), it is clear that the 1rst and the second discontinuities of R+(N )(0; t) are
t = t1 =
2x1
c1
and t = t1 + t2 =
2x1
c1
+
2(x2 − x1)
c2
;
respectively, where t = t1 and t = t2 are the 1rst discontinuity of R+1 (0; t) and R
+
2 (x1; t); respectively.
The step values of R+(N )(0; t) at the time t = t1 and t = t1 + t2 are given as
R+(N )(0; t)|t=t
+
1
t=t−1
= R+1 (0; t)|t=t
+
1
t=t−1
+ 21R
+
(N−1)(x1; 0): (31a)
R+(N )(0; t)|(t=t1+t2)
+
(t=t1+t2)− = 
2
1R
+
(N−1)(x1; t)|t=t
+
2
t=t−2
: (31b)
It can be seen from Eq. (28) that
R+(N )(0; t) = R
+
1 (0; t); 06t6t1: (32)
This means that the re6ection wave due to the rear N −1 layers makes no contribution to the kernel
R+(N )(0; t) until t¿t1. Therefore, if R
+
(N )(0; t); t¿0 is given, R
+
1 (0; t); 06t6t1 can be determined. By
the use of the inversion procedure presented in Section 4, the relaxation modulus G1(t); t¿0 can
be reconstructed.
With Eqs. (28)–(32), R+(N−1)(x1; t); t¿0 can be determined. Repeating the steps given above,
Gi(t); t¿0 can be reconstructed.
6. Numerical examples
In this section, some numerical examples are given to test the implementation of the inversion
procedure developed in this paper.
Example 1. The re6ection data needed are generated via Eqs. (7). Let the relaxation modulus be
G1(t) = [0:64 + 0:01exp(−0:8t) + 0:01exp(−0:4t)] g cm−1 s−2 (33)
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Fig. 2. Re6ection kernels and relaxation modulus. (a) Re6ection kernels; 1. clean data with Z1 = Z2; 2. clean data with
Z1 ¡Z2; 3. noise data with Z1 ¿Z2, 4. clean data with Z1 ¿Z2, 5. noise data with Z1 ¿Z2. (b) Relaxation modulus
G1(t); 1. original, 2. reconstructed with clean data (a). 4, 3. reconstructed with noise data (a). 5.
and assume that the density and the thickness of the viscoelastic slab are given as
1 = 0:66 g cm−3; L= 1 cm; (34)
respectively. The wave impedance of the medium in the region x¿L is
Z2 = 0:89 g cm−2 s−1¿Z1 or Z2 = 0:49 g cm−2 s−1¡Z1; (35)
therefore the re6ection coeNcient on the interface x = L is r1 =−0:15 or r1 = 0:15.
The direct scattering problem, i.e. Eqs. (7) is solved 1rst for the re6ection kernel R+1 (x; t); t¿0
(see Fig. 2(a)). The data of R+1 (x; t) for 06t6t1; t1 = 2 s can be regarded as the given information
obtained from the scattering experiments, in which t1 = 2 s is the one round trip through the slab.
Assume that the relaxation modulus G1(t) is unknown. Taking the extrapolated R+1 (x; t); 06t6t1
as the input data and applying the inversion procedure developed in Section 4, the relaxation mod-
ulus G1(t) can be recovered. The up-triangle-stringed line in Fig. 2(b) shows the reconstructed
modulus. It can be seen that the reconstructed G1(t) matches with the original function. The 10%
noise is added to the re6ection data R+1 (x; t) (see also Fig. 2(a)). It can also be seen that the
curve of the reconstructed modulus coincides with that of the original modulus very well (see
also Fig. 2(b)).
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Fig. 3. Re6ection kernels and relaxation modulus. (a) Clean data for re6ection kernels; 1. Z1 =Z2; 2.. Z1 ¡Z2; 3. Z1 ¿Z2.
(b) relaxation modulus G1(t); 1. original, 2. reconstructed with the clean data (a), 2.
Example 2. Let the relaxation modulus be
G1(t) = 	6:4× 1011 + 2× 1010exp(−2× 105t) g cm−1 s−2 (36)
and assume that the density and the thickness of the viscoelastic slab are
1 = 1:5 g cm−3; L= 2 cm; (37)
respectively. The wave impedance of the viscoelastic medium is Z1=9:95×105 g cm−2 s−1. Assume
that the wave impedance of the medium in the region x¿L is Z2 = 13:45 × 105 g cm−2 s−1¿Z1
or Z2 = 7:35 × 105 g cm−2 s−1¡Z1, the re6ection coeNcients on the interface x = L is r1 = 0:15
or r1 = −0:15, respectively. The re6ection kernel R+1 (x; t); t¿0 is determined by solving Eqs. (7)
(see Fig. 3(a)), and the data of R+1 (x; t) for 06t6t1; t1 = 6× 10−6 s, can be regarded as the given
information obtained from the scattering experiments, in which t1 = 6 × 10−6 s is the one round
trip through the slab. The curves of original and reconstructed relaxation moduli G1(t) are shown in
Fig. 3(b). The contribution of the noise data is not considered in this example.
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7. Summary
A new approach to the inverse scattering problem for the homogeneous viscoelastic medium is
proposed. The method is based on the imbedding equations of the re6ection and the propagation
operators for the viscoelastic medium. This method is considerably more general than those derived
in [1–3,5,6], since the implementation of the algorithm given in this paper reduces the amount of
the measurement data.
The model problem considered here is limited. However, it is felt that the technique presented in
this paper can be applied to more general problems, for example, the electromagnetic scattering in
the dispersive media and the wave scattering in the inhomogeneous dispersive medium.
Appendix
In this appendix, it will be shown that the numerical discretization of (EI) yields a system of the
linear algebraic equations which has a unique solution.
Introducing the numerical grid
(x(i); t(j)) = (ic1Mt=2; jMt) (A.1)
and letting
f(x(i); t(j)) = f(i; j) (A.2)
and discretizing (EI) with the trapezoidal rule yields a system of the linear algebraic equations
AEI
(
V (i; j)
W (i; j)
)
= BEI; (A.3)
where AEI is the coeNcient matrix with elements as follows:
(AEI) =

 1
"
8
h(0)
1− "
4
h(0) −
(
1− "
4
h(0)
)

 : (A.4)
BEI is the known part of the discretization of EI, which will not be considered here.
The determinant of the coeNcient matrix AEI is given by
|AEI|=−1 + "8 h(0) +
"2
32
h2(0) = 0: (A.5)
It is obvious from (A.5) that Eq. (EI) has a unique solution for any (i; j).
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